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1. INTRODUCTION 
The plane semicontinuous Boltzmann equation may be considered as the limit for n + oo of 
the Gatignol 2n-velocity model [l], which in turn is the generalization of the famous 4-velocity 
discrete Broadwell model in a plane. Gas particles are supposed to share a common speed TJ, and 
to interact with a constant cross section CT, but the unit vector 52 in the direction of motion is 
kept unrestricted on the unit sphere S ‘. Recently, some classes of exact solutions were derived 
for the semicontinuous model, describing plane shock wave solutions [2], and space uniform 
relaxation [3], respectively. However, to the best of our knowledge, there are no exact solutions 
and rigorous results for stationary problems in two actual space dimensions, which are very typical 
for physical applications. In such a contest, a wide class of exact solutions of the plane Broadwell 
model was recently constructed [4,5]. In the present paper we extend such an investigation to the 
semicontinuous model of the Boltzmann equation for the distribution function f(x, a), x E R2, 
Cl E S1, which, in steady state conditions, reads as 
&.Vf =C ~ 
s 
s’ f (52) f (-a) da - 27~a.f (0) f (-a). (1) 
Boundary conditions are taken to correspond to the steady evaporation-condensation problem 
from a sphere [6], namely gas in equilibrium at rest with constant density poo at infinity 
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and given distribution of incoming particles on the surface of a sphere with radius TO 
at 1x1 = ro, for a. x > 0. (2b) 
Thus, the incoming total flux at 1x1 = TO is given by 
J 
E 
J+ &?vIf 
To 0 
’ cos t9F (cod) dt9 
and particles are symmetrically distributed over the positive half sphere. 
2. THE ANALYTICAL TECHNIQUE 
From now on we will measure distances in units of rc, distribution functions in units of p,/27r, 
fluxes in units of pWv/27r, but we will keep the same symbols for simplicity. Moreover, the 
problem is obviously invariant under rotation of both x and 0 by the same angle, so that f 
depends on r = 1x1 and Jo = fi. X/T only. The boundary value problem to be dealt with can then 
be cast as 
af 1 -/A2 af 2 l 
Pbr+rG=Yr __I s 
f(P)f(-P)(i - P2)-1’2 dP - 9 f(P)f(-P) (3) 
for r > 1, -1 I p 5 1, with 
27r CC- 
TOPCd 
playing the role of Knudsen number, and with boundary conditions 
(4 
lim f (r, p) = 1, 
T’co 
f(L CL) = F(P), 
P E (-I, i), 
P E (071). 
(5a) 
(5b) 
Now setting 
yields for p the linear homogeneous equation 
(7) 
with general solution 
P (5 LJ) = p [r (1 - LJ2) 1/Z] I (8) 
where P is an arbitrary smooth function of a single variable. It may be rewritten as p(z, y) = P(y), 
with z = r cos 13, y = r sin 8, and cos .9 = I_L. Therefore the boundary condition following from (5), 
lim p(r,p) = 2, 
T-+00 (9) 
imposes the constraint P = constant = 2, and we are left with 
(10) 
In the boundary value problem for $ there is no need to consider negative values of ~1, since 
1c, is by definition an odd function of I_L. In conclusion one has to solve 
a+ l-j.L2a$ T 2 ’ 
‘ar+TT=; ; o iJ ti2 (P) (1 - p2) -1’2 dp - 1c12 (CL) 1 
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for T > 1, /.L > 0, with 
p_ II, CT, P> = 0, 1c, (1, P> = 2 [l - F b-41 
for p > 0. The (dimensionless) total density and total flux are given by 
p = 2 01p(r,l”) (1 - $)-1’2 d/A = 27r, 
J 
J=--2? T 
J 
(II CLINT9 cl)0 - P2)-1’2 &A 
(12) 
Pa) 
W) 
so that the flow is incompressible, and, with our normalization, we have in particular J+ < 1. 
The continuity equation for our problem now reads as 
d ’ 
zvy) [/ l/g (T, P) (1 - p2) -U2 dp 1 = 0. (14 
It is worth noticing that multiplying through equation (11) by p( 1 - p2)-1’2 dp and integrating 
on (0,l) yields, on account of equation (14), $J(T, 0) = 0 which guarantees continuity of II, across 
p = 0. In any case, direct integration of (14) with conditions (12) provides for the flux 
2&J+ -2) 
J 
1 
J(r) = 
T ' 
J+ = 2 p (1 - /L~)-~‘~ F (p) dp. 
0 
(15) 
This important remark suggests that one may expect an asymptotic behavior for $ of the 
kind r-l times a function of /A, when T + 00. Moreover, it is reasonable to conjecture that for 
some special boundary condition F(p) the separability of $J could be valid for all T > 1. Having in 
mind the determination of exact solutions, we shall henceforth focus our attention on particular 
solutions of the form 
II, (T,P) = ; 9(P), (16) 
corresponding to F(p) = 1 - (E/2)g(p). We put g(p) = G(B), /A = COST, 19 E (0, $), and 
substitute (16) into (11) to yield 
sine% + coseG(e) = G2(e)- cl" G2(e> de 07) 
with G(s) = 0, es it follows from integration of (17) itself on (0, ;). The further substitution 
G(B) = & Ybtc ~=c0te 
simplifies the equation to 
y’(z) + y2(z) = z & 
J 
+m y2(z> dz 
0 
for 0 < z c +oo, with y(0) = 0. 
3. EXPLICIT SOLUTIONS 
To the formulation (19) we associate now the following problem: find y E C’(0, +oo) such 
that, for given X > 0, 
Y’(Z) + Y2(Z) = & O<e<oo, (20a) 
Y(0) = 0, y2(z) dz < 00. W’b) 
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It is clear that any solution of (20) is such that (2/n) scm ~~(2) dz = A, and thus provides a 
solution to (19), which in turn, via equations (18), (16), and (lo), yields the sought distribution 
function corresponding to a special input F(p), and, in particular, to a special flux intensity, 
more precisely 
J(r) = -F /* zy(z) ,& 
0 1+z2 (21) 
The limiting case X = 0 gives necessarily y = 0, corresponding to the obvious solution f = r-l 
associated to the input F(p) = 1. For X > 0 the problem (20) is reduced to linear by the standard 
substitution y = $‘/$, and one is left with a Gaussian hypergeometric equation 
(1+ 22) #‘(Z) - Xl#(Z) = 0. 
We may set X = Y(Y + 1) with u > 0, or in other words 
(22) 
(of course, there is a one-to-one relationship between X and V) and it is easily realized that (22) 
is solved by 
4’(z) 0: PV(iZ) (24) 
where P, is any Legendre function of order V. Admissible values of u are those for which the 
requirements in (20b) can be satisfied. The condition 4’(O) = 0 following from it does not define 
uniquely the solution of (22), since also 4(O) is needed. If 4(O) = 0, then 4 = 0 identically, so that 
4(O) # 0 for nontrivial solutions. However, the value of 4(O) is insignificant for y = #/4, and 
therefore we may put 4(O) = 1. In this way the solution of the corresponding Cauchy problem 
for equation (22) is unique. Usual calculations show that for 1~1 < 1 it has the following form: 
- - 444 2 w2n, x 2n(2n 1) = 
n=O %+l= 2(n + 1)(2n + 1) crZY 
(25) 
for n = O,l,. . . , with co = 1. Thus 4( z isapolynomialifv=2n-l,n=1,2,...,orithas ) 
singularities at z = fi otherwise. For any V, the solution (analytic continuation of (25)) has no 
singularities on the real axis. 
However, in order to fulfill conditions (20b), we must now prove that y is square integrable. 
To this end, we shall show that: 
(i) there are no zeroes of c$(z) for z > 0; 
(ii) 4 has a proper asymptotic behavior for I -+ +oo. 
In order to prove (i) it is sufficient to note that 4(O) = 1, 4’(O) = 0, and #‘/4 is positive for any Z. 
Hence, 4’ becomes positive whenever z increases away from 0, and increases monotonically on any 
interval 0 < z < ~0 in which 4(z) > 0. Therefore both $(z) and 4’(z) increase monotonically for 
all z > 0, and diverge when z ---) 00. That means also that y(z) is a smooth nonnegative function 
with its only zero at z = 0. In regards to (ii), it is not difficult to show that 4(z) = O(z”+‘) for 
z --) +oo, and therefore Y(Z) = O(z-l) f or z .+ 00, which completes the proof. 
Thus, we have obtained a one-parameter family yx(~), with X > 0, of solutions to equation (19). 
One can reasonably conjecture that each solution gives the asymptotic form for T -_) co of the 
general solutions of the boundary value problem (ll)-(12) with the same incoming flux. In order 
to associate a solution T/X to a given boundary condition in (12), one has to use fluxes (15) 
and (21); i.e., one determines the parameter X from the following condition: 
(26) 
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It is easy to prove that this equation has a unique solution X = X(s) > 0 for any s > 0. 
First we note that yc = 0 implies I(0) = 0. Moreover, yx,(z) > ye,, for Xr > X2, since 
o(z) = yxl (z) - yxZ (2) satisfies the linear (for given yxl and yx,) equation 
u’(z) + b(z)a(z) = +$ > 0, 
a(O) = 0, b(z) = yxl (z) + yxZ(z), which has a unique positive solution 
[+(T)~T] dt. 
(27) 
Hence, the function I(X) in (26) increases monotonically with X, and uniqueness of solution is 
guaranteed. We shall complete the proof by showing that I(X) 4 03 when X --) oo, so that this 
unique solution X = X(s) does exist for any s > 0. For this goal it is sufficient to note that, 
from (20), by the general theory of Riccati equations, ye N [X/(1 + z2)]li2 for X + 00, which 
implies I(X) 21 XII2 for X -+ co. As a byproduct, we have also the asymptotic trend of the root 
of equation (26), namely X(s) 2! s2 for s + co. 
We do not consider here the problem of actually solving this transcendental equation, but 
rather restrict ourselves below to examining in more detail the functions yx(z) for given values 
of v > 0, and the corresponding special exact solutions of equation (3). 
For noninteger values of V, the proper Legendre function in (24) is [7] 
and involves only Legendre functions of the first kind Pv, expressible in turn by hypergeometric 
series and Euler Gamma functions. For v = 2n - 1, n = 1,2,. . . , odd integer, it suffices to take 
for Ps,+_i the Legendre polynomial Ps,_i. Finally, when v is an even integer 2n, n = 1,2, . . . , 
one must resort also to Legendre functions of the second kind QV, namely 
7’2n(i~)=Q 2n 22 + i :Pzn(iz) = iarctan(z)q,(iz) - Wsn_i(iz), (’ ) (30) 
where W denotes the auxiliary polynomials defined in [7]. 
The general polynomial solution so determined reads as 
2n(2n - 1) ” 
dJ2n(2n-l)(Z) = 1 - p’ 2n_-1(0) J o Pzn-1(t) dt. (31) 
The first few are given by 
42(z) = 1 + z2, 
and correspond to distribution functions 
and total fluxes 
&?(r) = -y, 
4i2(z) = 5z4 + 6z2 + 1, (32) 
c 2&2$ + 3) 
fl2 (f-7 p) = 1 - - 
T 4p2+ 1 (33) 
7-&7re 
&s(r) = ---. 
2 r (34) 
An example of exact solution which is not a rational function of p is provided by u = 2, 
&(z) = i z (1 + z”) arctan + 4 z2 + 1, (35) 
WL 9-1-E 
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and the relevant distribution function is 
E (l/2 + p2) [; - 
fS(r,/‘) = 1 - ; 
arccos(p)] + (3/2)p (1 - p”) l/2 
p [$ - arccos(p)] + (l/3) (2 + p2) (1 - p2)1’2 ’ 
(36) 
Finally, we remark that all our solutions correspond to a positive $(r, ,u), and therefore, the 
total flux is directed from infinity towards the sphere (condensation problem). Apparently, the 
boundary value problem (3)-(5) has no solutions corresponding to evaporation, in which case the 
total flux should have the opposite direction. It is also clear that there is no solution for steady 
evaporation in the vacuum (pm = 0), since in this csse we have P = 0 and then f(r,p) = 0 
identically for any T and Jo. 
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